We demonstrate that random walks embed connected undirected graphs into Euclidean space, in which distances and angles acquire the clear statistical interpretation. Being defined on the spatial network of Venetian canals, random walks afford a portrait of the city space syntax and measure its intelligibility. : 89.65.Lm, 89.75.Fb, 05.40.Fb, 02.10.Ox In the present Letter, we investigate the spatial network of 96 canals in Venice (that stretches across 122 small islands between which the canals serve the function of roads) by means of random walks converting city space syntax into Euclidean space.
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Studies of urban networks have a long history. In most of researches devoted to the improving of transport routes, the optimization of power grids, and the pedestrian movement surveys the relationships between certain components of the urban texture are often measured along streets and routes considered as edges of a planar graph, while the traffic end points and street junctions are treated as nodes. Such a primary graph representation of urban networks is grounded on relations between junctions through the segments of streets. The usual city map based on Euclidean geometry can be considered as an example of primary city graphs.
Given a connected undirected graph G(V, E), in which V is the set of nodes and E is the set of edges, we can define the traffic volume f : E → (0, ∞[ through every edge e ∈ E. It then follows from the Perron-Frobenius theorem that a linear equation
has a unique positive solution f (e) > 0, for every edge e ∈ E, for a fixed positive constant h > 0 and a chosen set of positive metric length distances ℓ(e) > 0. This solution is naturally identified with the traffic equilibrium state of the transport network defined on G, in which the permeability of edges depends upon their lengths. The parameter h is called the volume entropy of the graph G, while the volume of G is defined as the sum Vol(G) = 1 2 e∈E ℓ(e). The degree of a node v ∈ V is the number of its neighbors in G, deg(v) = k v . It has been shown in [1] that among all undirected connected graphs of normalized volume, Vol(G) = 1, which are not cycles and k v = 1 for all nodes, the minimal possible value of the volume entropy, min(h) =
is attained for the length distances
where i(e) ∈ V and t(e) ∈ V are the initial and terminal vertices of the edge e ∈ E respectively. It is then obvious that (2) and min(h) being substituted into (1) change the operator exp (−hℓ(e)) to a symmetric Markov transition operator,
which rather describes time reversible random walks over edges than over nodes. The flows satisfying (1) with the operator (3) meet the mass conservation property, i∼j f ij = π j , j∈V π j = 1. The Eq.(3) unveils the indispensable role Markov's chains defined on edges play in equilibrium traffic modelling and exposes the degrees of nodes as a key determinant of the transport networks properties. The notion of traffic equilibrium had been introduced by J.G. Wardrop in [2] and then generalized in [3] to a fundamental concept of network equilibrium. Wardrop's traffic equilibrium is strongly tied to the human apprehension of space since it is required that all travellers have enough knowledge of the transport network they use. The human perception of places is not an entirely Euclidean one, but are rather related to the perceiving of the vista spaces (streets and squares) as single units and of the understanding the topological relationships between these vista spaces, [4] . Decomposition of city space into a complete set of intersecting vista spaces produces a spatial network which we call the dual graph representation of a city. Therein, the relations between streets treated as nodes are traced through their junctions considered as edges.
Dual city graphs are extensively investigated within the concept of space syntax, a theory developed in the late 1970s, that seeks to reveal the mutual effects of complex spatial urban networks on society and vice versa, [5, 6] . In space syntax theory, built environments are treated as systems of spaces subjected to a configuration analysis in the spirit of statistics. Spatial perception that shapes peoples understanding of how a place is organized determines eventually the pattern of local movement which is predicted by the space syntax method with surprising accuracy [7] . Space syntax proves its usefulness for the planning and redevelopment of certain districts in many cities around the world, the designing of commercial centers, museums, hospitals, offices, and service facilities where easy way-finding is a significant issue.
Any graph representation naturally arises as an outcome of categorization, when we abstract a real world system by eliminating all but one of its features and by the grouping of things (or places) sharing a common attribute by classes or categories. For instance, the common attribute of all open spaces in city space syntax is that we can move through them. All elements called nodes that fall into one and the same group V are considered essentially identical; permutations of them within the group are of no consequence. The symmetric group S N consisting of all permutations of N elements (N is the cardinality of the set V ) constitute the symmetry group of V . If we denote by E ⊆ V × V the set of ordered pairs of nodes called edges, then a graph is a map G(V, E) : E → K ⊆ R + (we suppose that the graph has no multiple edges).
The nodes of G(V, E) are weighted with respect to some measure m = i∈V m i δ i , specified by a set of positive numbers m i > 0. The space ℓ 2 (m) of square-assumable functions with respect to the measure m is the Hilbert space H (a complete inner product space). Among all linear operators defined on H, those invariant under the permutations of nodes are of essential interest since they reflect the symmetry of the graph. Although there are infinitely many such operators, only those which maintain conservation of a quantity may describe a physical process. The Markov transition operators which share the property of probability conservation considered in theory of random walks on graphs are among them. Laplace operators describing diffusions on graphs meet the mean value property (mass conservation); they give another example [8] studied in spectral graph theory.
Markov's operators on Hilbert space form the natural language of complex networks theory. Being defined on connected undirected graphs, a Markov transition operator T has a unique equilibrium state π (a stationary distribution of random walks) such that πT = π and π = lim t→∞ σ T t for any density σ ∈ H (σ i ≥ 0, i∈V σ i = 1). There is a unique measure m π = i ∈ V π i δ i related to the stationary distribution π with respect to which the Markov operator T is self-adjoint,
where T ⊤ is the adjoint operator. The orthonormal ordered set of real eigenvectors ψ i , i = 1 . . . N , of the symmetric operator T establishes the basis in H. In quantitative theory of random walks defined on graphs [10, 9] and in spectral graph theory [11] , the properties of graphs are studied in relationship to the eigenvalues and eigenvectors of self-adjoint operators defined on them. In particular, the symmetric transition operator defined on undirected graphs is T ij = 1/ k i k j . Its first eigenvector ψ 1 belonging to the largest eigenvalue µ 1 = 1,
describes the local property of nodes (connectivity), π i = k i /2M, where 2M = i∈V k i , while the remaining eigenvectors { ψ s } N s=2 belonging to the eigenvalues 1 > µ 2 ≥ . . . µ N ≥ −1 delineate the global connectedness of the graph.
Markov's symmetric transition operator T defines a projection of any density σ ∈ H on the eigenvector ψ 1 of the stationary distribution π,
Thus, it is clear that any two densities σ, ρ ∈ H differ with respect to random walks only by their dynamical components, (σ − ρ) T t = (σ ⊥ − ρ ⊥ ) T t for all t > 0. Therefore, we can define a distance between any two densities which they acquire with respect to random walks by
or, in the spectral form,
where we have used Diracs bra-ket notations especially convenient in working with inner products and rank-one operators in Hilbert space.
If we introduce the new inner product in H(V ) by
for all σ, ρ ∈ H(V ), then (8) can be written as
in which
is the squared norm of σ ∈ H(V ) with respect to random walks. We accomplish the description of the (N − 1)-dimensional Euclidean space structure associated to random walks by mentioning that given two densities σ, ρ ∈ H(V ), the angle between them can be introduced in the standard way,
Random walks embed connected undirected graphs into Euclidean space that can be used in order to compare nodes and to retrace the optimal coarse-graining representations. Namely, let us consider the density δ i which equals 1 at the node i ∈ V and zero for all other nodes. It takes form υ i = π −1/2 i δ i with respect to the measure m π . Then, the squared norm of υ i is given by
where ψ s,i is the i th -component of the eigenvector ψ s . In quantitative theory of random walks [10] , the quantity (13) is known as the access time to a target node quantifying the expected number of steps required for a random walker to reach the node i ∈ V starting from an arbitrary node chosen randomly among all other nodes with respect to the stationary distribution π.
The notion of spatial segregation acquires a statistical interpretation with respect to random walks defined on the graph. In urban spatial networks encoded by their dual graphs, the access times υ i 2 T vary strongly from one open space to another: the norm of a street that can be easily reached (just in a few random syntactic steps) from any other street in the city is minimal, while it could be very large for a statistically segregated street. It is remarkable that the norm a node acquires with respect to random walks scales with the connectivity of the node (Fig. 1 ). The Euclidean distance between any two nodes of the graph G established by random walks,
is called the commute times in quantitative theory of random walks and equals to the expected number of steps required for a random walker starting at i ∈ V to visit j ∈ V and then to return to i again, [10] .
It is important to mention that the cosine of an angle calculated in accordance to (12) has the structure of Pearson's coefficient of linear correlations that reveals it's natural statistical interpretation. Correlation properties of flows of random walkers passing by different paths have been remained beyond the scope of previous studies devoted to complex networks and random walks on graphs. The notion of angle between any two nodes in the graph arises naturally as soon as we become interested in the strength and direction of a linear relationship between two random variables, the flows of random walks moving through them. If the cosine of an angle (12) is 1 (zero angles), there is an increasing linear relationship between the flows of random walks through both nodes. Otherwise, if it is close to -1 (π angle), there is a decreasing linear relationship. The correlation is 0 (π/2 angle) if the variables are linearly independent. It is important to mention that as usual the correlation between nodes does not necessary imply a direct causal relationship (an immediate connection) between them. Indeed, the (N − 1)-dimensional Euclidean space set up by random walks cannot be represented visually, however if we choose a node of the graph as a point of reference, we can draw the 2-dimensional projection of the Euclidean space by arranging other nodes at the distances and under the angles they are with respect to the chosen reference node. The 2-dimensional projection of the Euclidean space of Venetian canals set up by random walks drawn for the the Grand Canal of Venice (the point (0, 0)) is shown in Fig. 2 . Nodes of the dual graph representation of the canal network in Venice are shown by disks with radiuses taken equal to the degrees of the nodes. All distances between the origin and other nodes of the graph have been calculated in accordance to (14) and (12) has been used in order to compute angles between nodes. Canals positively correlated with the Grand Canal of Venice are set under negative angles (below the horizontal), and under positive angles (above the horizontal) if otherwise.
The radiuses of disks display the property of the stationary distribution of random walkers over the nodes of the dual graph representation of the Venetian canal network. This distribution corresponds to the equilibrium configuration of flows establishing on the primary graph of canal network. It is evident from Fig. 2 that disks of smaller radiuses (representing nodes of low connectivity) demonstrate a clear tendency to be located far away from the origin being characterized by the excessively long commute times with the reference node, while the large disks which stand in Fig. 2 for the hubs are settled in the closest proximity to the origin that intends an immediate access to them.
Probably, the most important message of space syntax theory is that the local property (connectivity) of city spaces (streets and squares) and their global configuration variable (centrality) are positively related in a city, and this partwhole relationship known as intelligibility [6] is a key determinant of human behaviors in urban environments. An adequate level of intelligibility has been found to encourage peoples way-finding abilities. Intelligibility of Venetian canal network reveals itself quantitatively in the scaling of the norms of nodes with connectivity shown in Fig. 1 and qualitatively in the tendency of smaller disks to be located on the outskirts of Euclidean space of Venetian space syntax (Fig 2) .
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